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Abstract. The excitation of Fast Magnetosonic (FMS)
waves by a cylindrical array of parallel tethers carrying time-
modulated current is discussed. The tethers would ﬂy ver-
tical in the equatorial plane, which is perpendicular to the
geomagnetic ﬁeld when its tilt is ignored, and would be sta-
bilized by the gravity gradient. The tether array would radi-
ate a single FMS wave. In the time-dependent background
made of geomagnetic ﬁeld plus radiated wave, plasma FMS
perturbations are excited in the array vicinity through a para-
metric instability. The growth rate is estimated by truncating
the evolution equation for FMS perturbations to the two az-
imuthal modes of lowest order. Design parameters such as
tether length and number, required power and mass are dis-
cussed for Low Earth Orbit conditions. The array-attached
wave structure would have the radiated wave controlled by
the intensity and modulation frequency of the currents, mak-
ing an active experiment on non-linear low frequency waves
possible in real space plasma conditions.
Keywords. Spaceplasmaphysics(Wave-waveinteractions)
1 Introduction
Nonlinear magnetohydrodynamic (MHD) wavefronts at ce-
lestial bodies moving through magnetized plasmas are com-
mon in space; the “Alfv´ en wings” observed at Jupiter’s satel-
lite Io (Acuna and Ness, 1981) or the cometary waves at
Giacobini-Zinner and Halley (Brinca, 1997) are just two ex-
amples. The generation of an artiﬁcial wavefront in the
whistler frequency range by using a planar array of electro-
dynamic tethers in Low Earth Orbit (LEO) was proposed in
recent work (Sanchez-Arriaga and Sanmart´ ın, 2010). In the
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suggested experiment, a power supply drives a time modu-
lated current along the tethers acting as an antenna system,
which radiates a single circularly-polarized whistler wave. A
parametricinstability, duetopumpingbythetime-modulated
background made of geomagnetic ﬁeld and radiated wave,
gives rise to two unstable coupled whistler perturbations,
leading to the onset of a nonlinear wavefront. With both in-
tensity and frequency of the radiated wave controlled, this
boundary-free experiment would allow studying nonlinear
wave interactions and turbulence in real space plasmas.
A similar parametric instability in the near ﬁeld of a MHD
wave radiated by an appropriate array of tethers will be here
used to generate a wavefront with frequency below the ion
cyclotron frequency i. A cylindrical array of parallel teth-
ers with its axis normal to the ambient magnetic ﬁeld B0 is
shown to radiate a single FMS in the cold plasma approxi-
mation. Although both Alfv´ en and FMS MHD modes could
be parametrically coupled to the radiated wave, we will here
consider the growth rate for just FMS excitation. For typical
LEO conditions (B0 ≈0.3G, plasma density n0 ≈106 cm−3,
Alfv´ envelocityVA ≈163kms−1 andO+ ions)thefrequency
and wavelength of the radiated wave would be below i ≈
180rads−1 and above λ=2πVA/i ≈5.7km, respectively.
This ﬁrst analysis will focus on the parametric instability
basics, although other relevant issues such as system mass
and power efﬁciency will be considered too. The equipment
required for wave detection could follow the lines of satel-
lite ACTIVNY (1990), which is an example of a scientiﬁc
experiment on low frequency in-situ emission (Molchanov
et al., 1997). Similarly to the ACTIVNY case, subsatellites
for wave detection would be necessary. We note however
that ACTIVNY used a pulsed transmission mode whereas in
our suggested experiment power supply would be continu-
ously on so as to generate a wavefront stationary in the tether
frame.
In-situ wave emission by orbiting tethers was considered
for steady currents (Drell et al., 1965; Barnett and Olbert,
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1986; Estes, 1988; Sanmartin and Martinez-Sanchez, 1995;
Sanmartin and Estes, 1997), and recently for modulated cur-
rents, in a Radiation Belt Remediation scheme (Inan et al.,
2003). In a RBR mission, as in our experiment, required
lengths make use of rigid antennas impossible, (ﬂexible)
tethers becoming the only feasible solution. Further, a tether
is typically arranged to exchange current with the ambient
plasma through end contactors, allowing the extraordinary
simpliﬁcation of exhibiting current uniform throughout its
length, as opposed to a regular antenna, where current must
vanish at its ends. Tether array systems have been also dis-
cussed for electric solar sailing (Janhunen, 2004). An up-
dated overview about science applications of electrodynamic
tethers can be found in work by Sanmartin (2009).
Our analysis is focused on a region close to the tethered
structure, where the radiated wave gives rise to a paramet-
ric instability usually known as magnetoacoustic pumping
(Vahala and Montgomery, 1971). The general formalism for
a uniform pumped wave was ﬁrst introduced by Nishikawa
(1968). The parametric instability, has been predicted by
Vahala and Montgomery (1971), before being observed in
the laboratory (Lehane and Paoloni, 1972). The theoreti-
cal model was extended to include Hall and resistivity terms
(Cramer, 1975) and boundary effects (Cramer and Sy, 1979).
Dusty and multicomponent plasmas have been studied too
(Hertzberg et al., 2003, 2004).
The intensity of the pumped waves in the experiment is
both distance and azimuthal-angle dependent. The problem
thus belongs to the theory of parametric instabilities in inho-
mogeneous plasmas (Perkins and Flick, 1971; Rosenbluth,
1972; Liu et al., 1973; Afeyan and Williams, 1997). Instead
of using the formal WKB method or a variational approach,
we roughly estimate the growth rate by truncating the equa-
tion for the perturbations to the two lowest azimuthal modes.
The dependence on distance r to the array is handled ﬁrst
by looking for an approximate resonance-like condition be-
tween radial wave-vectors of the modes and then by radial
averaging.
A few waves, those with largest growth rate in the para-
metric instability analysis, may dominate the dynamics dur-
ing the early nonlinear stage. Truncation models of the
Derivative nonlinear Schr¨ odinger equation (DNLS) (Rogis-
ter, 1971) and the triple- degenerate DNLS (TDNLS) (Hada,
1993) have been proposed as a starting point to investigate
a Hall-MHD nonlinear wave-front (Sanmartin et al., 2004;
Sanchez-Arriaga et al., 2007, 2009a, b). Since our experi-
ment would happen in a non-uniform plasma and the prop-
agation is not quasi-parallel to the ambient magnetic ﬁeld,
alternatives to the DNLS and the TDNLS equations must be
looked for.
The paper is organized as follows. In Sect. 2 the cylindri-
cal conﬁguration of tethers is justiﬁed and the mathematical
model is presented. The perturbation scheme involves waves
oftwodisparatemagnitude: theradiatedwaveandthepertur-
bations. The ﬁrst one, a cylindrical FMS wave, is calculated
in Sect. 3 where we also show that no Alfv´ en wave is radi-
ated. The Mathieu-like equation that governs the dynamic of
just FMS perturbations is derived in Sect. 4 and the growth
is determined in Sect. 5. Characteristic values of relevant pa-
rameters, as well as a trade-off of growth rate versus system
mass and radiation efﬁciency, are discussed in Sect. 6. Con-
clusions are ﬁnally given in Sect. 7.
2 General considerations
2.1 Cylindrical conﬁguration of tethers
The planar array of tethers previously proposed to excite
whistler waves is not an adequate conﬁguration for the MHD
frequency domain in two respects. Whistler wavelengths in
LEO are of order of hundreds of meters while in the case of
MHD waves they would be of order of kilometres to tens of
kilometres. This makes the planar array conﬁguration, which
required a large number of tethers, unrealistically heavy here.
Further, and more important, the selected tether-array geom-
etry should be such as to radiate a single MHD mode, for a
simpler mathematical analysis.
We consider an array of N tethers carrying a uniform cur-
rent I1 on the surface of a cylinder of radius R λ1 (wave-
length of radiated wave), with its axis normal to the ambient
magnetic ﬁeld B0; for N=10, say, the magnetic ﬁeld from
the active array is already nearly azimuthal close to it, with
θ in Fig. 1 the azimuth. Further, our linearized analysis will
require the array-generated magnetic ﬁeld at its surface to be
much less than B0 (a condition later shown to exclude the
case of a single tether),
µ0NI1
2πR
B0 (1)
Figure 1 shows the cylindrical array. The ambient magnetic
ﬁeld is taken perpendicular to the tethers and a set of cylin-
drical coordinates (r, θ) is used in the following sections.
These conditions can be attained in equatorial orbit, with the
geomagnetic ﬁeld horizontal if ignoring its tilt, and the teth-
ers ﬂying vertical in the orbital plane. The gravity gradient
makes the array attitude stable (Arnold, 1987).
2.2 Mathematical model
The present analysis assumes several simplifying hypothe-
sis. First, the spatial dependence of the wave ﬁelds is kept
two-dimensional by assuming a tether length L much larger
than the wavelength λ1 of the radiated wave, and a current
distribution uniform along the tethers
I =I1cos1tuz (2)
Uniform current distributions were considered in the past
for radiation impedance considerations (Hastings and Wang,
1987; Hastings et al., 1988), and require end plasma contac-
tors with short enough time response.
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Fig. 1. Cylindrical conﬁguration of tethers; θ will be called az-
imuthal angle.
Secondly, the modulation frequency 1 will be well be-
low the ion cyclotron frequency 1  i and the plasma
will be assumed cold. Hence, Hall term and coupling be-
tween Alfv´ en and Fastmagnetosonic (FMS) modes will be
neglected. Finally the plasma is assumed at rest in the tether
frame because orbital and Alfv´ en velocities V0 and VA sat-
isfy V0 VA, the relative velocity thus introducing a small
frequency shift.
We will use the cold MHD plasma model equations,
∂ρ
∂t
+VA∇·(ρv)=0 (3)
ρ

∂v
∂t
+VA(v·∇)v

=VA(∇×B)×B (4)
∂B
∂t
−
η
µ0
∇2B =VA∇×(v×B) (5)
where η is the plasma resistivity, and ambient values for
density ρ0, magnetic ﬁeld B0 and Alfv´ en velocity VA were
used to construct dimensionless variables ρ, B and v. Equa-
tions (3–5) will be solved using the Ampere law (Eq. 1) for
the cylinder array as boundary condition,
B(r =R)=ux +
µ0NI1
2πRB0
cos1t uθ (6)
Following Vahala and Montgomery (1971), the dependent
variables are written as made of three contributions of dis-
parate magnitude, in a double independent linearization
ρ =1+ερ1+ρ1 (7a)
v =εv1+v1 (7b)
B =ux +εB1+B1 (7c)
whereε isasmallparameterthathelpskeepingtrackofterms
of equal order. In Eqs. (7a–c), magnitudes with subscript 1
correspond to the radiated wave while superscript 1 repre-
sents any plasma perturbation. Variables with superscript 1
are much smaller than products of ε and subscript 1 vari-
ables. Terms quadratic, say, in the driven ﬁelds, in effect
quadratic in ε, will be ignored because they represent pure
forcing terms, which can be veriﬁed not to contribute to a
parametric instability.
3 Radiated wave
The radiated wave is calculated by substituting expansion (7)
in Eqs. (3–5) and collecting terms of order ε
∂ρ1
∂t
+VA∇·v1 =0 (8)
∂v1
∂t
=VA(∇×B1)×ux (9)
∂B1
∂t
−
η
µ0
∇2B1 = VA∇×(v1×ux)
= VA

∂v1
∂x
−(∇·v1)ux

(10)
The continuity equation is decoupled from Eqs. (9) and (10);
also, Eq. (9) shows vx1 =0. Linear system (8–10) contains
both Alfv´ en and FMS modes, which will be now studied sep-
arately.
The FMS mode can be analyzed combining the divergence
of Eq. (9)
∂
∂t
(∇·v1)=−VA∇2Bx1 (11)
with the ux component of Eq. (10), giving the characteristic
equation
"
∂2
∂t2 −V 2
A
 
1+
η
µ0V 2
A
∂
∂t
!
∇2
#
Bx1 =0. (12)
Substituting a solution of the form Bx1 =f (r)sinθe−i1t in
Eq. (12) yields the ﬁrst order Bessel equation
"
1+
V 2
A
2
1
 
1−
iη1
µ0V 2
A
! 
d2
dr2 +
1
r
d
dr
−
1
r2
!#
f =0 (13)
the solutions being the Bessel functions J1 and Y1 with argu-
ment ξ ≡k1r and wavevector
k1 =±
1
VA
1
r
1−
iη1
µ0V 2
A
≈±
1
VA
 
1+
i
2
η1
µ0V 2
A
!
(14)
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where η1

µ0V 2
A  1 was assumed. As we will see, the
radiation condition now implies that the actual solution for
f must be proportional to the Hankel function of the ﬁrst
kind, H
(1)
1 =J1+iY1. Equations (8–10) next show ρ1 =Bx1,
v1 =vy1uy, and B1 =Bθuθ; we absorb any constant factor
into parameter ε. The full radiated wave solution is ﬁnally
given as
ρ1 =−Re
h
iH
(1)
1 (ξ)sinθe−i1t
i
(15)
v1 =−Re

H
(1)
0 (ξ)e−i1t

uy (16)
B1 =Re
h
iH
(1)
1 (ξ)e−i1t
i
uθ (17)
with ε in expansion (7) determined by using boundary con-
dition (6) with ξR ≡ k1R  1, H
(1)
1 ≈ −2i

πk1R, yielding
both ε and full solution independent of R for k1R small
enough,
ε≈
µ0NI1k1
4B0
. (18)
For ξ 1, the Hankel functions become
H(1)
n (ξ)≈
s
2
πξ
ei(ξ−nπ
2 −π
4) (19)
requiring use of the plus sign in Eq. (14). As advanced the ra-
diation condition can be veriﬁed on the time-averaged Poynt-
ing vector far away from the tether, reading in dimensional
form
<S >=−
ε2VAB2
0
µ0
<(v1×ux)×B1 >=
ε2VAB2
0
πµ0k1r
ur (20)
To end the discussion about the FMS wave, we estimate the
total power radiated by the tether array by integrating the
Poynting ﬂux vector on a cylindrical surface of radius r and
length L
WR ∼
2ε2LVAB2
0
µ0k1
=
µ01LN2I2
1
8
(21)
The Alfv´ en mode could be similarly analyzed in terms of
components of normalized current density j ≡ ∇ ×B and
vorticity w ≡ ∇ ×v along the ambient magnetic ﬁeld B0,
as opposed to velocity divergence and magnetic ﬁeld along
B0 for the FMS mode (Cramer, 2001). Taking the curl of
Eqs. (9) and (10) and projecting on ux yield
∂wx1
∂t
=VA
∂jx1
∂x
(22)
∂jx1
∂t
=VA
∂wx1
∂x
(23)
Equations (22) and (23) and boundary condition (6) show
that no Alfv´ en wave is radiated by the system. Therefore,
within the cold MHD approximation and assuming a purely
azimuthal magnetic ﬁeld at r = R as given by Eq. (6), the
array of tethers will just radiate a cylindrical FMS wave.
4 Alfv´ en and Fastmagnetosonic perturbations
We next derive evolution equations for FMS and Alfv´ en
mode perturbations. Expansion (7) is again substituted in
Eqs. (3–5) and terms proportional to the excited (super-
script 1) waves and the product of excited waves and compo-
nents of the radiated (driven) wave with subscript 1 are col-
lected. For simplicity, we now neglect the resistivity, which
would just modify the growth rate slightly. The set of ex-
panded equations then reads
∂ρ1
∂t
+VA∇·v1 =−εVA∇·

ρ1v1+ρ1v1

(24)
∂v1
∂t
−VAj1×ux = ε
n
VA
h
j1×B1+j1×B1−(v1·∇)v1
−

v1·∇

v1
i
−ρ1
∂v1
∂t
−ρ1∂v1
∂t
)
(25)
∂B1
∂t
−VA∇×

v1×ux

=εVA∇×
h
v1×B1+v1×B1
i
(26)
The left-hand sides Eqs. (24–26) contain the same operators
of Eqs. (8–10), which would yield the dispersion relation of
the Alfv´ en and FMS modes, while the right-hand sides rep-
resent the parametric coupling between excited waves and
radiated (background) ﬁelds.
Equation (25) shows the velocity component v1
x to be of
order O(ε). Next, from Eq. (26) we obtain
∂B1
x
∂t
+VAψ1=−εVA

∂
∂y

vy1B1
x

+Bx1ψ1+v1
y
∂Bx1
∂y

(27)
where we introduced the velocity divergence (FMS) variable
ψ1 ≡
∂v1
y
∂y
+
∂v1
z
∂z
(28)
Equations (24) and (27) show that the difference ρ1−B1
x is
also of order O(ε). Hence, terms in right-hand sides involv-
ing v1
x or ρ1−B1
x can be neglected because they are O(ε2).
This result together with Eq. (9), ρ1 =Bx1 and j1 =j1zuz,
make Eq. (25) read
"
∂v1
∂t
−VAj1×ux
#
=
εVA
(1+εBx1)
h
By1j1+B1
yj1

×uy −vy1
∂v1
∂y
−v1
y
∂v1
∂y
#
(29)
where the term εBx1 in the denominator can be now ne-
glected.
The evolution equation of ψ1 is obtained from Eq. (29)
∂ψ1
∂t
+VA∇2B1
x = (30)
εVA
 
By1
∂j1
x
∂z
−vy1
∂ψ1
∂y
−2
∂vy1
∂y
∂v1
y
∂y
−v1
y
∂2vy1
∂y2
!
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For quasi-parallel propagation of the Alfv´ en mode, j1
x =
j1
x (x,εy,εz) and w1
x = w1
x(x,εy,εz), the term ∂j1
x

∂z in
Eq. (30) can be neglected and the FMS mode equation is ﬁ-
nally obtained by combining Eqs. (27) and (30)
∂2ψ1
∂t2 −V 2
A∇2ψ1=
εVA

VA∇2

∂
∂y

vy1B1
x

+Bx1ψ1+v1
y
∂Bx1
∂y

−
∂
∂t
 
vy1
∂ψ1
∂y
+2
∂vy1
∂y
∂v1
y
∂y
+v1
y
∂2vy1
∂y2
!)
(31)
Equation (31) will be solved in the next section assum-
ing that the perturbation ψ1 is made of just two waves. The
variable B1
x that appears on the right hand side will be ob-
tained from Eq. (27) with ε =0, while the velocity compo-
nent v1
y is related to ψ1 by introducing the vorticity deﬁnition
w≡∇×v in Eq. (28)
 
∂2
∂y2 +
∂2
∂z2
!
v1
y =
∂ψ1
∂y
−
∂w1
x
∂z
≈
∂ψ1
∂y
(32)
To derive an Alfv´ en wave evolution equation for future
work, ﬁrst note that Eq. (31) is decoupled from the Alfv´ enic
variables j1
x and w1
x. FMS variables can thus be solved inde-
pendently and then substituted in the evolution equations for
j1
x and w1
x, giving rise to purely forcing terms. Ignoring such
terms one would ﬁnally ﬁnd
∂2j1
x
∂t2 −V 2
A
∂2j1
x
∂x2 =εV 2
A
∂
∂x
 
j1
x
∂By1
∂y
+Bx1
∂j1
x
∂x
−2w1
x
∂vy1
∂y
!
(33)
5 Dispersion relation
Equation (31) describes the FMS wave evolution. The driven
ﬁelds on the right hand side depend on distance r and an-
gle θ, and an inﬁnite number of radial and azimuthal modes
are thus coupled together. An estimation of the growth rate
of the FMS mode can be obtained, however, by keeping the
two azimuthal modes of lowest order in an expansion of the
solution
ψ1 =coskzz
h
ψaJ0(kar)e−iωat +ψbJ1(kbr)sinθe−iωbt
i
+cc
(34)
As usual, cc denotes complex conjugated and frequencies
ωa,b are related by the resonance condition ωa +ω∗
b = 1.
For convenience we will use the dimensionless parameters
ωa,b ≡ωa,b

1, ka,b ≡ka,b

k1, kz ≡kz

k1.
Before ﬁnding the growth rate, we note that the resonance
condition restricts the admissible value of ka and kb. At ε =
0 1 2 3 4 5
0
0.5
1
1.5
2
2.5
3
3.5
4
4.5
5
¯ k b
¯ k a
¯ k2
z< 0
Fig. 2. Thick solid lines show the allowable domain k
2
z >0. Thin
solid lines are solutions of Eq. (42).
0 one has ωa,b0 =±
q
k
2
a,b+k
2
z and the resonance condition
yields a relation between wavevectors
k
2
z =
 
1−k
2
a−k
2
b
2
!2
−k
2
ak
2
b (35)
Frequencies ωa,b at ε =0 read then ωa0 =(1+k
2
a−k
2
b)
.
2
and ωb0 = (1+k
2
b−k
2
a)
.
2. Setting the right hand side of
Eq. (35) equal to zero, one ﬁnds
k
2
b =
 
1±ka
2
(36)
deﬁning a region in the plane ka −kb where kz is real (see
Fig. 2).
The derivation of the growth rate requires the ﬁelds B1
x and
v1
y that appears on the RHS of Eq. (31). The magnetic ﬁeld
B1
x is directly found from Eq. (27)
B1
x = −iVAcoskzz

ψa
ωa
J0(kar)e−iωat+
ψb
ωb
J1(kbr)sinθe−iωbt

+cc. (37)
As regards the velocity v1
y we write it as
v1
y =
coskzz
k1
h
CaψaJ1(kar)sinθe−iωat+CbψbJ0(kbr)e−iωbt
i
+cc (38)
with coefﬁcients Ca = 4ka
.
(4k
2
z +3k
2
a) and Cb =
−kb
.
(2k
2
z +k
2
b) obtained by inserting Eqs. (34) and
(38) in Eq. (32) (see Appendix for auxiliary calculations).
Expressions (34), (37) and (38) are ﬁnally substituted in
Eq. (31). Collecting terms with the same azimuthal depen-
dence yields two equations for the FMS mode amplitudes ψa
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and ψ∗
b. The wave ψa (ψ∗
b) in the left hand side of Eq. (31)
is coupled with the product between a driven term propor-
tional to e−i1t (ei1t) and ψ∗
b (ψa) in the right hand side. A
tedious but straightforward calculation would give
h
ω2
a−

k
2
a+k
2
z
i
J0
 
kaξ

ψa ≈−εg0(ξ)ψ∗
b (39a)
h
ω∗2
b −

k
2
b+k
2
z
i
J1
 
kbξ

ψ∗
b ≈−εg1(ξ)ψa (39b)
the g0,1 functions being (see Appendix)
8
i
g0 ≡kb

2κ4+κ3+7κ2+7κ−1−4ka
 
κ2+3

(1−κ)

κ2+1−2k
2
a
 H0J0
−
2
 
2H0J2−kbH1J3

1−κ
−2H2J2
#
−
1
2
κ5−κ4−12κ3−12κ2+11κ+5−2k
2
a

κ3−9κ2−17κ+9+12k
2
a

(1−κ)

κ2+1−2k
2
a
 H1J1
(40a)
8
i
g1 ≡


 
κ2+2κ+5

(1−κ)
(1+κ)
+
4k
2
a

3κ2+κ−2

1+k
2
a

(1+κ)
h
(1+κ)2−k
2
a
i

H∗
1J0
+2ka
"
2κ2+6
1+κ
−
7+κ2
(1+κ)2−k
2
a
#
H∗
0J1
−
4k
2
aH∗
3J2
(1+κ)2−k
2
a
+
h
5κ3+κ2+7κ+3+4k
2
b(1−κ)
i
kaH∗
2J1−2k
2
a

5κ2−1−4k
2
b

H∗
1J2
(1+κ)
h
(1+κ)2−k
2
a
i
(40b)
where we deﬁned
κ ≡k
2
a−k
2
b (41)
Note that the argument of the Hankel functions is just ξ,
whereas the argument of Jn Bessel functions in g0 (g1) is
kbξ (kaξ).
There is no way for ratios g0

J0 and g1

J1 to be ξ-
independent as required by the homogeneous system (39a),
(39b). In the following, we solve for a dispersion relation by
radial averaging both equations from ξR to ∞. We ﬁrst, how-
ever, look for a resonance-like condition kb(ka) that avoids
rapid radial variations in the above ratios. Both, left and right
hand sides of Eqs. (39a) and (39b) do decay as ξ →∞, as
∝1
√
ξ and ∝1

ξ respectively. Also, for ξ →ξR 1, the
ratio g0

J0 in Eq. (39a) behaves as lnξ, which may be con-
sidered O(1) as usual in asymptotic analyses. On the other
hand, the ratio g1

J1 in Eq. (39b) would in principle be-
have as 1/ξ2 due to the H∗
1J0, H∗
2J1 and H∗
3J2 terms. This
disagreement is dealt with by requiring those three terms to
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Fig. 3. Angles αa and αb versus normalized wave-vector kb.
balance out at small ξ, leading to a wave-vector resonance
condition kb(ka),
(1+κ)
h
κ2+2κ+5

1−κ2

−8k
4
a
i
+2k
2
a

3κ3+9κ2+5κ−5

=0 (42)
with κ given by Eq. (41). The truncation in Eq. (34) would
thus be strongly invalid unless wavevectors ka and kb satisfy
Eq. (42).
Figure 2 summarizes the above results involving wavevec-
tors ka and kb. The thick solid lines correspond to kz van-
ishing in Eq. (36). Within the enclosed (shaded) region kz
is imaginary. The thin solid lines correspond to the solu-
tions of Eq. (42) and only the higher line makes kz real. As
ka →∞, Eq. (42) yields κ

ka →2, and then Eq. (41) gives
ka −kb ≈1, which can be veriﬁed in Fig. 2. Equation (35)
shows kz

ka →0 as ka →∞.
The angles αa ≡ arctan
 
kz

ka

and αb ≡ arctan
 
kz

kb

are plotted versus the normalized wave-vector kb in Fig. 3.
Angle αa, with values around 35o, is nearly insensitive to
kb for the range considered, as opposed to αb; hence, the
θ-independent wave labelled a, appears nearly conﬁned to a
conic surface with axis parallel to the array at angle ∼35◦.
Actually, both αa and αb vanish with kz

ka as ka → ∞.
Also, for a properly selected k1, too large values of ka and kb
wouldplaceka andkbwave-vectorsbeyondtheMHDregime.
Next, we integrate Eqs. (39a) and (39b) from ξR and ∞,
leading to
h
ω2
a−

k
2
a+k
2
z
i
ψa ≈−εC0ψ∗
b (43a)
h
ω∗2
b −

k
2
b+k
2
z
i
ψ∗
b ≈−εC1ψa (43b)
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where
C0,1 =
∞ R
ξR
g0,1dξ
∞ R
ξR
J0,1dξ
≈ka,b
∞ Z
ξR
g0,1dξ (44)
Equations (43a, b) yield the dispersion relation
h
ω2
a−

k
2
a+k
2
z
ih
ω∗2
b −

k
2
b+k
2
z
i
=ε2C0C1 (45)
We now introduce the dimensionless frequency shift e ω and
growth rate e γ deﬁned by ωa ≡ ωa0 +ε(e ω+ie γ) and ω∗
b ≡
ωb0−ε(e ω+ie γ). Using Eq. (18), the actual growth rate is
γ = ˜ γ
µ0NI1k1
4B0
1 (46)
The dispersion relation now reads
(e ω+ie γ)=
r
−C0C1
1−κ2 (47)
where we used the approximations ω2
a −

k
2
a+k
2
z

≈
2ωa0ε(e ω+ie γ) and ω∗2
b −

k
2
b+k
2
z

≈−2ωb0ε(e ω+ie γ).
Figure 4 shows the dimensionless growth rate e γ versus
angle αb for two different values of ξR. At αb = 90◦, cor-
responding to ka ≈2.0, kb =0, the growth rate vanishes be-
cause C1 =0 in Eq. (44) . The growth rate monotonically in-
creases when the angle αb decreases, a situation correspond-
ing with a larger wave-vector (see Fig. 3). The parametric
instability becomes stronger because the perturbation wave-
lengths are shorter and a higher number of spatial oscilla-
tions interact with the radiated wave, which also decays with
distance to the tethers. At αb ≈ 60◦, which corresponds to
kb ≈1, the growth rate would actually diverge. This is be-
cause the integral C0 contain integrands of the type cos2ξ

ξ
which make C0 to diverge logarithmically with the upper
limit of the integral. This has not been resolved numeri-
cally in Fig. 4. The local maximum of e γ will be actually
limited by the imaginary part of k1 in Eq. (14) up to now
neglected. The peak would thus be logarithmically large
e γ ≈ln
 
2µ0VA

ηk1

.
6 Discussion
In addition to the growth rate, there are other important pa-
rameters in the experiment such as the characteristic tether
length, the mass of the system, or the orbit. An equatorial or-
bit with the tethers ﬂying vertical and the geomagnetic ﬁeld
normal to the array would be a suitable conﬁguration. Sys-
tem mass considerations as regards altitude will be shown to
involve both plasma density and characteristic ion mass.
30 40 50 60 70 80 90
0
0.2
0.4
0.6
0.8
1
1.2
1.4
αb
˜ γ
ξ
R = 0.001
ξ
R = 0.01
Fig. 4. Dimensionless growth rate versus angle αb.
System mass for the experiment would basically be made
of tether hardware and a power subsystem,
MS = Mt+αWOhm

1+
WR
WOhm

≈
"
Atρ+
αI2
1
σcAt

1+
Nµ01σcAt
8
#
NL (48)
where α is the inverse speciﬁc power of the power supply
while At, ρ and σc are tether cross section, density and con-
ductivity respectively. The radiated power WR was taken
from Eq. (21). Fixing all parameters except area At, a MS
minimum is reached at
At =I1
q
α

σcρ (49)
yielding
MS|min =2ρNAtL (50)
where we neglected the ratio WR

WOhm, assumed small.
From Eqs. (46) and (49) we ﬁnd
γ =e γ1
π
2
µ0
B0
r
σcρ
α
NAt
λ1
(51)
allowing to write
MS|min =
4
πe γ
B0
µ0
r
αρ
σc
Lλ1
1
γ (52)
Also, using Eq. (50) in the expression for the power ratio in
Eq. (48), we ﬁnd
WR
WOhm
=
µ0σc
16ρL
1 MS|min. (53)
In our analysis we assumed λ1/L and 1/i small to allow
a two-dimensional description of the radiated wave and our
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ignoring the Hall term. Here, just for a mass estimate, we
set L=λ1 and 1 =2πVA

λ1 =i while using ˜ γ as found
previously, yielding in Eq. (52)
MS|min =
16π
e γµ2
0e3
r
αρ
σc
m2
i
n0
γ (54)
with similar simpliﬁcations in Eqs. (51) and (53). We note
that MS|min does not depend on the geomagnetic ﬁeld, and
is proportional to both m2
i/n0 and growth rate. Hence, ex-
periments in LEO and MEO would actually require a similar
system mass because the density drop would be compensated
by the characteristic ion changing from O+ to H+.
For tether values ρ = 2.7×103kgm−3 and σc = 3.5×
107 Ohm−1 m−1, state-of-the-art α = 20kgKW−1, and the
typical LEO conditions (B0 ≈0.3G, n0 ≈106cm−3 and O+
ions, VA ≈ 163kms−1 and i ≈ 180rads−1), taking rep-
resentative value e γ ≈ 0.3 in Fig. 4 and growth rate γ =
0.015s−1 yields MS|min ≈ 340kg in Eq. (54). With L =
λ1=5.7km, we also ﬁnd WR/WOhm ≈0.01 in Eq. (53), small
as previously assumed, and NAt ≈11mm2 in Eq. (50), and
then NI1 ≈24A in Eq. (49).
To simplify the analysis, we took the number of tethers N
and the radius R of the cylindrical array as satisfying two
conditions: ﬁrst, the magnetic ﬁeld was approximated as
purely azimuthal at r =R λ1, and secondly we assumed
µ0NI1/2πRB0 small to allow a linear analysis. For the value
NI1=24A, we ﬁnd µ0NI1/2πRB0 ≈0.157m/R. This makes
impossible the use of a single tether and suggests setting the
array radius at a few meters. Note that the actual value of R
would enter the solution nowhere else, in case of k1R small
enough. On the other hand, a value N=10, say, would yield
a magnetic ﬁeld already nearly azimuthal close to the array.
Hence, a set of tethers with ﬁxed connections and ﬂying as a
single spacecraft would be a possible conﬁguration.
7 Conclusions
The generation of a FMS wave-front using an electrody-
namic tether array, similarly to a previous analysis for
whistler waves (Sanchez-Arriaga and Sanmartin, 2010),
could be used to investigate nonlinear wave interactions and
turbulence in space plasmas. Such experiment would have
several qualities such as in situ wave emission in natural
plasmas, boundary free propagation conditions and an active
character because the frequency and the intensity of the FMS
radiated wave would be controlled by the power supply. This
ﬁrst work analyses the parametric instability that should pro-
duce a saturated nonlinear stage in a frame moving with the
array.
The radiated FMS wave is parametrically coupled to two
cylindrical FMS perturbations waves. One of them, which
is independent of the azimuthal angle is only excited if its
wave-vector lies close to a conic surface with angle away
from the array normal about 35◦; the second parametrically
coupled wave covers a broad angle range.
To keep the problem analytically tractable, we made sev-
eral hypotheses that we now revisit. Variations along the
tether axis direction were neglected requiring tether lengths
much longer than the typical wavelength and uniform cur-
rent distributions along the tethers. As showed in Sect. 5, the
ﬁrst hypothesis yields an unrealistically heavy system while
the second one could be addressed with appropriate tether
plasma contactors. Both hypotheses might be removed in
numerical calculations by considering a fully 3-D radiated
wave. For simplicity the Hall term was also ignored but there
is no reason to keep the driven frequency well below i in a
real experiment.
Future works may also consider other aspects that are not
directly related with the parametric instability. We cite the
dynamical response of the contactors to exchange current
withtheplasma, adetailedstabilityanalysisofthecylindrical
conﬁguration including forces among tethers, wave detection
and scientiﬁc missions. All of them would be important for
a mission to generate an artiﬁcial nonlinear MHD wavefront
in space plasmas.
Appendix A
Growth rate calculation
In this appendix we summarize some auxiliary steps for the
calculation of the growth rate. To simplify the notation the
superscript 1 and the argument ξ in any Hankel function will
be omitted. Note that Bessel functions multiplying ψa (ψb)
has argument kaξ (kbξ).
The coefﬁcients Ca and Cb that appear in the velocity v1
y
are found taking into account
∂ψ1
∂y
= −
coskzz
2
(A1)
h
2ψakaJ1sinθe−iωat −ψ∗
bkb(J0+J2cos2θ)eiω∗
bt
i
+cc
∂2v1
y
∂y2 =
−coskzz
2k1
(A2)
"
Caψak2
a
2
(3J1sinθ +J3sin3θ)e−iωat
+Cbψ∗
bk2
b(J0−J2cos2θ)eiω∗
bt
i
+cc
and ∂2v1
y
.
∂z2 =−k2
zv1
y.
The calculus of the functions g0,1 is carried out with the
following auxiliary operations:
∂
∂y
h
∇2

vy1B1
x
i
≈
ik2
1
2

Fa
ωa0
h
k
2
Ta
 
H∗
1J0+kaH∗
0J1

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+ka
 
kaH∗
1 (J0−J2)+
 
H∗
0 −H∗
2

J1

+
Fb
4ωb0
h
2k
2
Tb
 
kbH0J0−H1J1

+kb
 
kbH1(J3−3J1)+2H0(J0−J2)
	
(A3)
∇2

Bx1χ1

≈ −
ik2
1
4
n
2Fa
h
ka
 
H∗
0 −H∗
2

J1+k
2
TaH∗
1J0
i
+Fb
h
kb(H0J0+H2J2)−k
2
TbH1J1
io
(A4)
∇2

∂Bx1
∂y
v1
y

≈
−ik2
1
8

FaCa

ka
 
3H∗
1J0−2H∗
1J2+H∗
3J2

+k
2
Ta
 
2H∗
0 −H∗
2

J1
i
+2FbCb
h
2kbH1J1−k
2
TbH0J0
io
(A5)
∂
∂t
 
v1
y
∂χ1
∂y
!
≈
iVAk2
1
4
 
2ωb0kaH∗
0J1Fa+ωa0kbH0J0Fb

(A6)
∂
∂t
 
∂vy1
∂y
∂v1
y
∂y
!
≈
iVAk2
1
8
 
ωb0kaCaH∗
1 (2J0−J2)Fa
+2ωa0kbCbH1J1Fb

(A7)
∂
∂t
 
v1
y
∂2vy1
∂y2
!
≈
iVAk2
1
8
 
ωb0Ca
 
2H∗
0 −H∗
2

J1Fa
−2ωa0CbH0J0Fb) (A8)
where the symbol ≈ was used to denote higher order az-
imuthal modes, e.g. terms proportional to cos2θ, were ne-
glected. We also deﬁned
Fa ≡ψacos(kzz)sinθ eiω∗
bt (A9)
Fb ≡ψ∗
b cos(kzz)e−iωat (A10)
k
2
Ta,b ≡1+k
2
z +k
2
a,b (A11)
Substituting the above expressions in Eq. (31) and using
Eq. (35) to eliminate kz yield g0,1.
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